
A Appendix: Formal Description of Market Equilibrium

A.1 Set up

As we explained in the main text, we assume the constant population of workers. All
the participants in the labor market are risk-neutral and use the common discount
rate r.

We consider two types of jobs, type c and type s.The productivity of both jobs
depend on the state of the industry. There is a continuum of the industry and the
state of each industry evolves according to the following simple stochastic process.
There are two possible states, ‘g ’ (good) and ‘d ’ (depressed). The collection of
the industries in each state is called sector. Thus g-[d-] sector collects all the g-
[d-] industries. Each industry in state g turns to the state d with probability ρ,
representing the permanent productivity shock. In order to prevent all the existing
industries becoming d, we assume the continuum of the industry expands over time
so that there always exists strictly positive mass of the industries in state g. Let
qc [qs] denote the output per unit of time of a type c[s] job in g-sector filled by a
properly trained worker. As we explained in the main text, each worker is endowed
with innate aptitudes for type c jobs and we represent by z the worker continuum in
terms of the training cost needed. The value z represents the cost of the first training.
We assume that such a cost is payable in once and each training is complete once
the cost is incurred. We denote by F the distribution of z.

The basic building blocks of the model are the firms’ job offers and workers’
application strategies. The job offer must stipulate employment and compensation
in all payoff relevant contingencies: i.e., required type of the worker, the type of
job slot, the industry, and wage schedule which can be contingent on the state of
industry. Such a job offer maximizes the profit given the application strategies of
each type of unemployed workers. Workers are distinguished by training cost z and
the last training she has taken. As we will see shortly, no worker receives training for
the first time at a type c job which is already in the state d. Still, an unemployed
worker could have received training at a job which is currently in g-sector, or, in
d-sector, or, never been trained before. Although a worker can search for a job in
any industry, if the job where he received the training is currently in g sector, he
has no reason to search in a different industry because all the industries in the g
sectors are identical because of the imposed symmetry of the industries. A worker
may move out, however, from the industry where he received training if the industry
has moved to the d-sector and job productivity is lower. Therefore a sub market in
d - sector is populated only by those who received the training in the same industry,
whereas sub markets for jobs in g sector can be populated by workers with training
in g as well as d.

Let e = g, d, denote the current state of the industry where he received training
and denote by e = n for the untrained. Let T ≡ {g, d, n} × Z denote the set of
types of unemployed worker. Although a worker can be trained more than once,
what matters is the most recent training31. Thus the notation of the type of training
refers to the most recent one. Note that the training type of the worker can change
over time for two reasons. First the state of the industry where he received training
can change. Second, once he is employed, he receives re-training.

The job offer can be identified by the pair of wage schedule w = (wg, wd) and
contract types, wherein wg [wd]denotes the wage offer contingent upon the industry
being in the state g [d ]. For each cohort of workers with given training cost index

31As no one choose to go back to the industry now in the state d, all the past trainings before
the last must have been in the industries which are now all in d sector.
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z, the following types of contract types are possible. Let us start with contract
types in type c jobs. First, the offer can be contingent upon the state of the
industry. By contingent contract, we mean that the employment is terminated once
the industry is hit by the shock. For simplicity, we also assume that in this type
of contract the job slot itself is self-destroyed when hit by the productivity shock32.
Since we only consider a permanent shock, the state d is permanent. A job in g-
sector can also offer an unconditional employment contract, except for the exogenous
separations. Namely, an unconditional contract guarantees employment after the
shock (but a worker can of course walk away any time they want). Since the state
d is permanent, all the employment offer is unconditional guarantee. Hence we need
to consider contingent employment offer only for jobs currently in g-sector. By the
same token, non-trivial contingent wage schedule applies only to one type, i.e., the
one that promises unconditional employment.

For untrained workers, no offers from jobs in d sector can compete with those
in g sector because, for the untrained workers, the only difference between the two
is lower productivity in d. Thus all the untrained workers will choose industries
in g sector. We impose symmetry on the selection among the totally homogenous
industries in the g sector so that each industry is populated with the same density
of the untrained workers.

We now consider contract types for type s jobs. It is easy to see that there can be
only two types of contracts, conditional and unconditional employment in g-sector
because unfilled job slots are immediately discarded as soon as the industry is hit
by the shock. This is the case because type s jobs do not need any training. Thus
there is no advantage of retaining the vacancies in d-sector. Consequently there is
no active job slot that will post an offer. Again we assume each industry in g sector
has the same size of the workers searching for a job33.

Consequently we need to consider the following five types of contracts: uncondi-
tional type c in the g-sector(ḡ), conditional type c in the g-sector (ĝ), (unconditional)
type c in the d-sector (d), unconditional type s (s̄), and conditional type s (ŝ). While
unconditional employment contract is never terminated by the employer, conditional
employment contract is terminated when the sector is hit by a permanent produc-
tivity shock without any compensations.

Since the firm can make an offer contingent on the type of worker, we can define
the type contingent employment contract by the pair {C,W}, where C : T → C
and W : T → R2

+ are mapping from worker type to offer types and wage schedule,
respectively. C ≡ {ḡ, ĝ, d, s̄, ŝ} is the set of type of contract. Thus each sub-market
is fully specified by the job offer. In each sub market, all the job offers are of the
same type, and all the workers are of the same type. Denote by x the ratio of job
searchers to the vacancy, which we call queue length. Then the probability that a
vacancy receives at least one application is given by ψ(x), which is increasing and
strictly concave in x.

Now that the description of each sub market is complete, an allocation of the
economy can be fully specified by a tuple {C,W, x} where x : T → R+ is the queue
length in each sub market. Given the allocation {C,W, x}, we can compute the
expected present value of profit stream for a job slot and the corresponding value of

32This simplifying assumption is used only to avoid further crowding of notations. As we impose
the zero profit condition, all the existing vacancy at equilibrium will have zero value anyway.

33Notice that because of the free access to the underlying technology, single industry can accom-
modate any size of job vacancies and workers. Although uneven distribution across industries are
immaterial as far as they remain in g sector, the impact of the technology shock on the aggregate
labor market obviously will depend upon the size of the industry hit by the shock. We avoid this
unnecessary complications by imposing symmetry.
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the expected income stream for a worker. Let Vc(w, x) be such value for a vacancy
that post the offer (c, w), where c ∈ C is type of offer. Then we have

rVc(w, x) = −p(c) + ψ(x)[Jc(w)− Vc(w, x)]. (A1)

where p(c) = pc if c = ḡ, ĝ, d and p(c) = ps otherwise. Viz, the cost of maintaining
a job slot is pc [ps] for type c [s] jobs. The value of filled job depends upon the state
contingent wage schedule w = (wg, wd) and the type of contract c and given by

rJd(w) = θqc − wd − pc − (δc + d)Jd(w),
rJḡ(w) = qc − wg − pc − (δc + d)Jḡ(w) + ρ[Jd(w)− Jḡ(w)],
rJĝ(w) = qc − wg − pc − (δc + d + ρ)Jĝ(w),
rJs̄(w) = qs − wg − ps − (δs + d)Js̄(w) + ρ[Js

d(w)− Js̄(w)],
rJŝ(w) = qs − wg − ps − (δs + d + ρ)Jŝ(w),

(A2)

where Js
d(w) is given by

rJs
d(w) = θqs − wd − ps − (δs + d)Js

d(w)

In words, the first is the value function for an active contract in state d. The first
three terms sum up to the net flow profit, and the last term corresponds to the capital
loss upon worker retirement or exogenous separations. The second and the third are
the value function of type c jobs for contracts in g state. The last two equations are
for type s jobs in the state g. Note that a permanent shock occurs only to jobs in g
industries. The unconditional employment contract continues even after the sector
is hit by permanent shock but it incurs the capital loss due to the change of state.
On the other hand, the conditional employment contract terminates and the job slot
is destroyed if the sector is hit by permanent shock. Thus the value of job turns to
be zero.

Next, we consider the value of unemployed worker given the allocation and the
equilibrium value of each type of unemployed worker. The rational unemployed
workers choose their application strategies taking their future change of training
into account. Here, we incorporate the equilibrium value into the value function
instead of considering the future decision directly. Let Uc(t, w, x, U∗) be the value of
type t unemployed worker given the wage schedule, contract type, queue length, and
equilibrium value of unemployed worker, which we denote by U∗. In this formulation,
we treat as given the value of different types of unemployed workers, even though in
the future he may become one of those types. We thus focus on the optimal choice
of the current application strategy. We have

rUc(t, w, x, U∗) =φ(x)[Ec(z, w, U∗)− Uc(t, w, x, U∗)− κ(c, t)]
− dUc(t, w, x, U∗) + I(e)ρ[U∗(d, z)− Uc(t, w, x, U∗)],

(A3)

where φ(x) ≡ ψ(x)
x is the probability of being matched for a worker, and I(·) is

indicator function that takes value one if e = g and zero otherwise. The last term
in the square bracket is the capital loss associated with productivity shock which is
applicable only for a worker trained in g-sector.
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The training cost κ(c, t) is given by34

κ(c, t) =





0 if c = s̄, ŝ
z if e = n and c 6= s̄, ŝ
εz if (e, c) = (d, d), (g, ḡ), (g, ĝ)
(ε + m)z otherwise

(A4)

In words, the first case applies to type s jobs irrespective of contract types as no
training is required for this type of job. If a worker is never trained and he applies
for a type c job, full training cost must be incurred, irrespective of the contract type.
In the third line, we show the following: a worker have to pay εz if he decides to
search and apply for a type c job in the same industry where he received the last
training. Finally the same worker has to incur (ε + m)z if he decides to move out of
the current industry and being matched to a type c job in the g-sector.

The value of employed worker depends on the training cost index z and wage.
They are represented by the following value functions for employment.

rEd(z, w, U∗) =wd − δc[Ed(z, w, U∗)− U∗(d, z)]− dEd(z, w, U∗),
rEḡ(z, w, U∗) =wg − δc[Eḡ(z, w, U∗)− U∗(g, z)]− dEḡ(z, w, U∗)

+ ρ [Ed(z, w, U∗)− Eḡ(z, w, U∗)] ,
rEĝ(z, w, U∗) =wg − δc[Eĝ(z, w, U∗)− U∗(g, z)]− dEĝ(z, w, U∗)

+ ρ [U∗(d, z)− Eĝ(z, w, U∗)] ,
rEs̄(z, w, U∗) =wg − δs[Es̄(z, w, U∗)− U∗(n, z)]− dEs̄(z, w, U∗)

+ ρ [Es
d(z, w, U∗)− Es̄(z, w, U∗)] ,

rEŝ(z, w, U∗) =wg − δs[Eŝ(z, w, U∗)− U∗(n, z)]− dEŝ(z, w, U∗)
+ ρ [U∗(n, z)− Eŝ(z, w, U∗)] ,

(A5)

where

rEs
d(z, w, U∗) = wd − δs[Es

d(z, w, U∗)− U∗(n, z)]− dEs
d(z, w, U∗)

This completes the specifications of all the value functions for potentially active
contract and job types.

A.2 Market equilibrium

We now complete the specification of the model by imposing the zero profit condition
for all the active vacancies. Note by the complementary slackness, expected net value
of inactive vacancies must be non-positive.

We are ready to define the market equilibrium.

Definition 1. The market equilibrium is defined by the set {C∗,W∗,x∗,U∗,V ∗} that
satisfies the following conditions.

1. For any type t ∈ T , firms post vacancies so as to maximize their values un-
der the constraint that the offer must guarantee the equilibrium value U∗(t),

34Who actually pays the training cost is immaterial. If you so wish, we could add another
dimension in the contract type, depending upon who pays the training cost. Since training cost is
independent from the state (although its consequence does depend upon the state in the future),
contracts stipulations on who pays (how much) for the training is redundant. To put it differently,
if a firm offers a contract in which they pay the training cost, the equilibrium value of the offer
will be the same as the current one in that wage schedule will be adjusted accordingly. Needless to
say, who pays the training cost does matter at least potentially, if we allow incompleteness of the
contract. See section 5 of this appendix below.
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i.e., given that queue lengths are determined so as to be consistent with the
equilibrium value of unemployment U∗(t). Therefore, we have

(C∗(t),W∗(t), x∗(t)) ∈ arg max
c,w,x

Vc(w, x∗) ≡ V ∗(t)

subject to

U∗(t) ≥ Uc(t, w, x, U∗)

and x ≥ 0 with complementary slackness, where U∗ solves

∀t ∈ T U∗(t) = UC∗(t)(t,W∗(t), x∗(t), U∗)

2. By the free entry condition, the maximized value of active vacancies, V ∗(t),
must be equal to zero.

In equilibrium, a job slot computes the value of deviation based on the belief that
the queue length that corresponds to alternative job offer should be adjusted so as
to guarantee to the unemployed workers the market determined present value of the
expected income stream. In order to obtain the market equilibrium, we can solve
the problem,above, or, equivalently, we can solve the dual. That is, we maximize the
value of the unemployed worker conditional under the zero profit condition.

U∗(t) = max
c,w,x

Uc(t, w, x, U∗)

s.t. Vc(w, x) = 0
(A6)

Before we move on to analyze the market equilibrium defined above, we offer
verbal explanations why the market equilibrium defined above coincides with that of
a social planner. Given the full array of contractual arrangements, the market equi-
librium defined above evidently solves the resource allocation problem for a social
planner endowed with the same search technology, technology evolutions underlying
productivity shocks to job slots. In order to see through the logic behind, let us
assume for the time being that both job slots and workers are identical among them-
selves and assume away also the productivity shocks, etc. None of these additional
factors matters for this explanation. Under this simplified setting, an individual offer
is simple a wage rate at matched worker receives. The competitive search equilibrium
is such that the individual agents take the value of the unemployed worker, N∗ given.
From the viewpoint of each job slot, its own wage offer must satisfy the constraint

φ(x)M(w) = N∗

Namely the product of the probability that an application results in an offer ,φ(x),
and the value of the offer, M(w),should be equal to the market determined N∗. Since

φ(x) ≡ ψ(x)
x

we have

N∗ =
ψ(x)M(w)

x
,

namely, this is the trade off between more attractive (hence higher wage) offer and
the probability that a job is filled. Since the offer competition guarantees that N∗
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is the shadow price of the unemployed worker, the profit maximization condition
ensures that the optimal choice of queue length, x, coincides that of a social planner.
35.

We now solve the problem (A6) in two steps. First, we calculate the value of
unemployment worker given the type of employment contract, and then compare
these contracts. To be specific, we derive the following value at first

Uc(t, U∗) ≡max
w,x

Uc(t, w, x, U∗)

s.t. Vc(w, x) = 0

then solve the functional equations

U∗(t) = max
c

Uc(t, U∗).

In order to derive market equilibrium, we must look for the optimal employment
contract for each type of worker. The following points that we already made are
helpful in deriving the desired functional. First, recall that the untrained or those
trained in the g sector should apply to the job in the g-sector since they have no
advantage to work in d-sector. In addition, the worker who search for type s jobs
should also apply to the job in the g-sector. The crucial remaining problem is whether
or not to move for those who received training in the industry which now belongs
to d-sector. To put this question in terms of contract choice, the question is : when
the unemployed worker applies to the job in the g-sector, should she choose the
unconditional employment contract or not?

Next, note also that the trained workers never apply to type s job in the steady
state equilibrium. This is evident from the stationarity of the optimal policy: the
fact that he received trained in the past implies that it was optimal to apply for a
type c job. Then, it should be optimal to do so now, as well. Therefore the third
remaining question is which type of untrained worker should apply to type s job.

The following proposition gives the answer to the second. For the last question,
we have to wait until section A.4.

Proposition 1. The comparison between the value of unconditional contract and
conditional contract can be implemented by the checking the following inequality.

Uḡ(t, U∗) ≷ Uĝ(t, U∗) ⇔ (r + d)U∗(d, z) ≶ θqc − pc

The intuition behind the Proposition 1 is as follows. From (A2) and (A5), the
joint surplus that is gained by a match in d-sector is given by

Ed(z, w, U∗) + Jd(z, w, U∗)− U∗(d, z) =
θqc − pj − (r + d)U∗(d, z)

Rj

Therefore, Proposition 1 says that the unconditional employment contract is pre-
ferred to the conditional contract if and only if the joint surplus from declining job
is positive. The proposition also implies that the comparison between unconditional
contract and conditional contract hinges only upon innate trait z, it does not change
according to career path of worker. The unemployed worker trained in the [current]

35See Moen and Rosen (2004) for a more formal proof in a similar model. The formal proofs
(omitted) for our case involves straight forward but lengthy derivations of optimal policy for a
social planner that solves the corresponding Hamiltonian defined upon the net social output. The
solutions of course coincide with those given here for market equilibrium.
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g-sector always should apply to the type c job in the g-sector. Hence the equilibrium
value must satisfy

U∗(g, z) =
{

Uḡ((g, z), U∗) if (r + d)U∗(d, z) ≤ θqc − pj

Uĝ((g, z), U∗) if (r + d)U∗(d, z) > θqc − pj

Therefore, the optimal application of type (g, z) unemployed worker depends on the
expected income of type (d, z) unemployed worker. We solve the optimal application
problem of type (d, z) worker, which is the most important decision in our model, in
the following section.

A.3 The optimal policy for trained workers

In order to derive the optimal policy of type (d, z) [ those trained in the industry
which is currently in d-sector] unemployed worker, we consider the case wherein the
worker always chooses the same type of contract irrespective of his past choices. The
option values that correspond to these strategies can be defined recursively

Ũc(t) ≡ Uc(t, Ũc) =max
w,x

Uc(t, w, x, Ũc)

s.t. Vc(w, x) = 0

Here we can find the equilibrium value of type (d, z) unemployed worker by comparing
these values. If the type (d, z) worker should apply to the job in the d-sector, then his
re-training (costing εz) would not change his training type. Therefore stationarity
implies that he should apply to the same type of job in the future as well. On the
other hand, by Proposition 1, if it is optimal to move out and search for a new job
in g sector, he should choose the same policy in the future even though re-training
could change the type of worker. Therefore, in equilibrium, type (d, z) unemployed
worker should apply to the same type of contract even after he receives re-training.
That is, we have

U∗(d, z) = max
c∈{d,ḡ,ĝ}

Ũc(d, z)

We can show that the optimal contract for type (d, z) worker is monotone in z.

Lemma 1. Let xc(t) be the queue length that maximizes the present value of the
expected income stream of type t unemployed given the type of contract c and the
subsequent value U(t). Then the value can be written as the function of queue length,

Uc(t, U) =
∆(xc(t))p(c) + I(e)ρU(d, z)

r + d + I(e)ρ

where ∆(x) = ψ′(x)/(ψ(x) − ψ′(x)x). Moreover, if U(t) = Uc(t, U), then we have
xc(g, z) ≤ xc(d, z) for any c and z. That is, type (g, z) worker has larger probability
to receive an offer than type (d, z) worker if he seek the same type of job.

Proposition 2. Suppose that type (d, zu) unemployed worker is indifferent between
staying in the d-sector and re-entering the g-sector, i.e., Ũd(d, zu) = Ũg(d, zu), where
Ũg(d, z) = max{Ũḡ(d, z), Ũĝ(d, z)}. Then, we have

U∗(d, z) =
{

Ũd(d, z) if z ≥ zu

Ũg(d, z) if z < zu

In addition U∗(d, z) is decreasing in z.
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Proposition 2 can be stated in words as follows. The difference in z yields the
difference in value of unemployed worker which is proportional to the additional
training cost in future. Thus the impact of z is smaller if you stay at d-sector because
re-training cost is proportionally larger if you move out to g-sector, i.e., the negative
slope of U is steeper if you move out, than at d-sector. Hence the intersection at
zu of the two value function is unique. Consequently, only the high ability worker
(z > zu) should move out to a new industry in the g-sector after the productivity
shock, whereas the low ability worker (z < zu) should stay in the same industry after
the shock.

We can also show that the choice between unconditional contract and conditional
contract is monotone in z because U∗(d, z) is decreasing in z. Let define ze by
U∗(d, ze) = (θqc − pc)/(r + d). Then those with lowest training cost (z < ze) should
move every time after the shock , i.e., they choose type ĝ job if ze < zu. (see Figure
5)

A.4 The optimal policy for untrained workers

Given the optimal choice of experienced workers, as summarized in the two thresh-
olds, zu and ze, we can finally solve the optimal strategies of untrained workers. The
untrained workers must incur the same amount of training cost z regardless of the
state of sector as long as they apply to type c job, thus they should apply to the
job in the g-sector if they apply to type c job. The choice between unconditional
contract and conditional contract is determined by ze as in the case of type (g, z)
worker. That is, we have

Ug(n, z) ≡ max{Uḡ(n, z), Uĝ(n, z)} =
{

Uḡ((n, z), U∗) if z ≥ ze

Uĝ((n, z), U∗) if z < ze

The last remaining problem is who should apply for a type s job. Since this type of
job does not require training, the choice should be unanimous for those who choose
type s. Let Us = max{Us̄, Uŝ} denote the value of unemployed worker who searches
for type s job. If Us > Ug(n, z), type z worker should apply to type s job when he
enters the labor market. Let zs be the threshold that satisfies Us = U(u, zs). Since
we can show that Ug(n, z) is decreasing in z, the worker should apply to type s job
if z > zs.

Suppose that ze < zu < zs. Then, we can summarize the optimal strategy of each
ability of unemployed worker as follows. First, the most talented workers (z < ze)
always apply to type c job in the g-sector and leave the job if the sector is hit by
permanent shock. Second, z ∈ [ze, zu) workers also apply to the type c job in the
g-sector but they stay in the d-sector as long as they are employed. Third, type
z ∈ [zu, zs) workers apply to the type c job in the g-sector when they enter the labor
market and stay in the same sector even though they become unemployed. Finally,
the least adaptable z ≥ zs worker always apply to the type s job in the g-sector.

Now we have made the full circle and the market equilibrium is completely de-
termined except for the evolution of the state variables, which are shown in section
A.6. Notice that we have the complete system of equations which jointly determine
the equilibrium values of unemployment and employment. See the last section of this
appendix for the details of derivations for the optimal queue lengths. These values
are independent from the dynamics through which state variables converge to the
steady state.
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A.5 Ex Post Optimality and Incomplete Contract

In the definition of market equilibrium, we assumed that job slots offer two types of
contract: contingent and non-contingent employment contracts. The former stipu-
lates that the employment is terminated at the moment of the productivity shock. On
the other hand, in unconditional contract, wage is made contingent upon the state.
If we deprive of full commitment ability, and assume instead agents are restricted to
offer non-contingent wage and employment. In that case, time inconsistency problem
may arise: namely, when they post the vacancy, their optimal choice of offer entails
unconditional employment at a wage rate which is also unconditional. Ex post, when
the job slot filled by a worker is hit by the productivity shock, the job slot may well
find it optimal to renege on the promise as the expected return under the depressed
state may well be negative.

Now let us return to the contingent wage schedule contract. We show that firms
can avoid the time inconsistency problem if the state contingent wage schedule is
available. Whether wage schedule is state contingent or not matters only for the
case in which a job slot posts an unconditional employment contract. In the proof of
Lemma 1, we have shown how the queue length for each type of worker is determined
by the optimal (first order) condition, whereas the optimal wage schedule is derived
by substituting the queue length into the zero profit conditions.

Since single zero profit condition can pin down only the discounted sum of the
state contingent wage, there are (infinitely) many wage schedules that satisfy this
condition. That is, the optimal wage schedule of the unconditional employment
contract is not unique. The conditions, by which the retention of employment in
d-sector is made ex post optimal for both sides, are:

θqc − wd − pc

Rc
≥ 0, (A7)

wd + δcU
∗(d, z)

Rc
≥ U∗(d, z). (A8)

which are equivalent (respectively to)

Jd(w)≥ 0,

Ed(z, w, U∗)≥U∗(d, z).

where Rc = r + d + δc. Therefore, if wd satisfies

(r + d)U∗(d, z) ≤ wd ≤ θqc − pj ,

then the unconditional contract is ex post optimal. We can show that this condition
can be satisfied when the joint surplus from the retention of job in d-sector is non-
positive. This always holds true if type ḡ contract is ex ante optimal.

Proposition 3. In equilibrium, the firm can make the type ḡ contract ex post optimal
by the appropriate state contingent wage schedule if the type ḡ contract is ex ante
optimal.

A.6 Steady State

Given the equilibrium allocation {C∗,W∗, x∗}, we consider the flow and distribution
of workers at steady state. Let es(z) and u(e, z) denote the proportion of employment
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in the state s sector and the proportion of unemployed with experience e among trait
z workers, respectively. Let define function ιe(z) and ιu(z) as

ιe(z) =
{

1 if z ≥ ze

0 if z < ze , ιu(z) =
{

1 if z ≥ zu

0 if z < zu

Then the flows of workers that apply to type c jobs (z ≤ zs) are given by36 (see
Figures 6-8)

u̇(n, z) = d− (φn + d)u(n, z)
u̇(g, z) = δjeg(z)− (φg + ρ + d)u(g, z)
u̇(d, z) = ρ(u(g, z) + (1− ιe(z))eg(z)) + δjed(z)− (φd + d)u(d, z)
ėd(z) = ιe(z)ρeg(z) + ιu(z)φdu(d, z)− (δj + d)ed

ėg(z) =
∑

e∈{n,g}
φeu(e, z) + (1− ιu(z))φdu(d, z)− (ρ + δj + d)eg(z)

(A9)

where φe = φ(x∗(e, z)). From (A9), at steady state, we have

u(n, z) =
d

d + φn

u(g, z) =
dδφnω2(z)

(d + φn)Ω(z)

u(d, z) =
dφuρω1(z)

(d + φn)Ω(z)

ed(z) =
dφuρ[ιe(z)(d + ρ + φg)ω2(z) + ιu(z)φdω1(z)]

(d + δj)(d + φn)Ω(z)

eg(z) =
d(d + ρ + φg)φnω2(z)

(d + φn)Ω(z)

where

Ω(z) = (d + ρ)(d + ρ + δj + φg)ω2(z)− (1− ιu(z))ρφdω1(z)
ω1(z) = (d + δj)[(1− ιe(z))(d + ρ + φg) + δ] + δjιe(z)(d + ρ + φg)
ω2(z) = d(d + δj + φd) + (1− ιu(z))δφd

On the other hand, low ability z > zs worker always apply type s job. The steady
state distribution for these worker, which is independent of trait of worker, is simply
given by

u(n, z) =

{
d+δs

d+δs+φn
if Us̄ ≥ Uŝ

d+δs+ρ
d+δs+ρ+φn

if Us̄ < Uŝ

es =

{
φn

d+δs+φn
if Us̄ ≥ Uŝ

φn

d+δs+ρ+φn
if Us̄ < Uŝ

where es is the share of employment at type s job, which is independent of z, for
z > zs.

36Simple but extremely tedious computations will show that the state variable subsystem is locally
stable. It involves confirming for each sub-case the linearized transition matrix to have non-positive
eigen values only. We have not encountered any (non-local) instability in numerical computations
we used for the analysis in Section 4 of the main text.
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A.7 Proofs

Proof of Proposition 1

From (A3), we have

Uc(t, U∗) = max
w,x

φ(x)[Ec(z, w, U∗)− κ(c, t)] + I(e)ρU∗(d, z)
r + d + φ(x) + I(e)ρ

s.t. Vc(w, x) = 0

Note that κ(ḡ, t) = κ(ĝ, t) for any t ∈ T . From (A4),

Eḡ(z, w, U∗) =
Rcwg + ρwd + δ(RcU

∗(g, z) + ρU∗(d, z))
Rc(Rc + ρ)

Eĝ(z, w, U∗) =
wg + δU∗(g, z) + ρU∗(d, z)

Rc + ρ

Use the zero profit condition to substitute for w, we get

Uc(t, U∗) = max
x

φ(x)[Ẽc(z, x, U∗)− κ(c, t)] + I(e)ρU∗(d, z)
r + d + φ(x) + I(e)ρ

where

Ẽḡ(z, x, U∗) =
q̃ − pc

Rc
+

δ(RcU
∗(g, z) + ρU∗(d, z))
Rc(Rc + ρ)

− pc

ψ(x)
,

Ẽĝ(z, x, U∗) =
qc − pc + δU∗(g, z) + ρU∗(d, z)

Rc + ρ
− pc

ψ(x)

where q̃ ≡ Rj+ρθ
Rj+ρ qc. Since we have the following, the proof is complete.

∀x Ẽḡ(z, x, U∗) ≶ Ẽĝ(z, x, U∗) ⇔ (r + d)U∗(d, z) ≷ θqc − pc

Proof of Lemma 1

The optimal queue length solves the following problem

Uc(t, U) = max
x

φ(x)[Ẽc(z, x, U)− κ(c, t)] + I(e)ρU(d, z)
r + d + φ(x) + I(e)ρ

where Ẽc(z, x, U∗) is the value of employment that satisfies the zero profit condition.
By the first order condition, we have

(r+d+ψ′(x)+I(e)ρ)pc = γ(x)[(r+d+I(e)ρ)(Ẽc(z, x, U)+p(c)/ψ(x)−κ(c, t))−I(e)ρU(d, z)]

where γ(x) = ψ(x)− ψ′(x)/x. By arranging terms, we get

Ẽc(z, x, U)− κ(c, t) =
∆(x)x
ψ(x)

p(c) +
[ψ′(xc(t))/γ(xc(t))]p(c) + I(e)ρU(d, z)

r + d + I(e)ρ

By substituting this into the objective function, we complete the proof of the first
half of the proposition.

Second, we will show the second half of the proposition. By using the results
above, we write

Uc((g, z), U) =
∆(xc(g, z))p(c) + ρUc((d, z), U)

r + d + ρ
,

Uc((d, z), U) =
∆(xc(d, z))p(c)

r + d
.

Since Uc((g, z), U) ≥ Uc((d, z), U) and ∆′(x) < 0, we have xc(g, z) ≤ xc(d, z).
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Proof of Proposition 2

Let define z̄u and ẑu by Ũd(d, z̄u) = Ũḡ(d, z̄u) and Ũd(d, ẑu) = Ũĝ(d, ẑu), respectively.
We will prove that z ≷ z̄u ⇔ Ũd(d, z) ≷ Ũḡ(d, z) and that z ≷ ẑu ⇔ Ũd(d, z) ≷
Ũĝ(d, z), which will complete the proof if we let zu = max{z̄u, ẑu}.

First, we show that ∂Ũḡ(d, z̄u)/∂z ≤ ∂Ũd(d, z̄u)/∂z < 0, which assures that
z ≷ z̄u ⇔ Ũd(d, z) ≷ Ũḡ(d, z). Since I(d) = 0 and p(c) = pc for c = d, ḡ, ĝ, lemma
1 implies xd(d, z̄u) = xḡ(d, z̄u) and xḡ(g, z̄u) ≥ xḡ(d, z̄u). Let x′ = xd(d, z̄u) =
xḡ(d, z̄u) and x′′ = xḡ(g, z̄u).

From (A3) and (A5), Ũd(d, z) is written by

Ũd(d, z) = max
wd,x

wd −Rcεz

(r + d)(Rc + φ(x))
φ(x)

s.t. Vd(w, x) = 0

By the envelope theorem, we have

∂Ũd(d, z̄u)
∂z

= − Rcεφ(x′)
(r + d)(Rc + φ(x′))

Similarly, we have

Ũḡ(d, z) = max
wg,wd,x

Rcwg + ρwd −Rc(Rc + ρ)(ε + m)z + δcRcŨḡ(g, z)
(r + d)(Rc + ρ)(Rc + φ(x)) + φ(x)δcRc

φ(x)

s.t. Vḡ(w, x) = 0

and

Ũḡ(g, z) = max
wg,wd,x

φ(x)(Rcwg + ρwd −Rc(Rc + ρ)εz) + ρ[Rc(Rc + ρ) + φ(x)δc]Ũḡ(d, z)
Rc(r + d + ρ)(Rc + ρ + φ(x))

s.t. Vḡ(w, x) = 0

Again by the envelope theorem, we have

∂Ũḡ(d, z̄u)
∂z

=
−(Rc + ρ)Rc(ε + m) + δcRc · ∂Ũgu(g, z)/∂z

(r + d)(Rc + ρ)(Rc + φ(x′)) + φ(x′)δcRc
φ(x′) (A10)

∂Ũḡ(g, z̄u)
∂z

=
−Rc(Rc + ρ)εφ(x′′) + ρ[Rc(Rc + ρ) + φ(x′′)δc]∂Ũgu(d, z)/∂z

Rc(r + d + ρ)(Rc + ρ + φ(x′′))
(A11)

By substituting (A11) into (A10), we have

∂Ũḡ(d, z)
∂z

= − Rcφ(x′)[(r + d + ρ)(Rc + ρ + φ(x′′))(ε + m) + δcφ(x′′)ε]
(r + d)[(r + d + ρ)(Rc + φ(x′))(Rc + ρ + φ(x′′)) + δφ(x′)(Rc + φ(x′′))]

Taking the ratio

∂Ũḡ(d, z̄u)/∂z

∂Ũd(d, zu
u)/∂z

=
(r + d + ρ)(Rc + φ(x′))(Rc + ρ + φ(x′′))(ε + m)/ε + δcφ(x′′)(Rc + φ(x′))

(r + d + ρ)(Rc + φ(x′))(Rc + ρ + φ(x′′)) + δcφ(x′)(Rc + φ(x′′))

Since m ≥ 0 and x′′ ≥ x′, the numerator is not less than the denominator. Therefore,
we have ∂Ũḡ(d, z̄u)/∂z ≤ ∂Ũd(d, z̄u)/∂z < 0.

Since we can also show ∂Ũĝ(d, ẑu)/∂z ≤ ∂Ũd(d, ẑu)/∂z < 0 by the same proce-
dure, the first part of the proposition is proved.

The second part of the proposition is obvious because ∂Ũc(d, z)/∂z is non-positive
for c = d, ḡ, ĝ.
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Proof of Proposition 3

If type ḡ contract is ex ante optimal, we have (r + d)U∗(d, z) ≤ θqc − pc from
Proposition 1. Therefore by setting wd so as to satisfy (8), the firm can make the
contract ex post optimal.

A.8 The Optimal Queue Lengths

We briefly indicate how to solve for the optimal queue lengths. As in the proof of
Lemma 1, the optimal queue length satisfies

(r + d + ψ′(x) + I(e)ρ)pc

= γ(x)[(r + d + I(e)ρ)(Ẽc(z, x, U) + p(c)/ψ(x)− κ(c, t))− I(e)ρU(d, z)]

As an example, we consider the case in which the unemployed trained workers choose
to stay in the same industry, i,e, z ∈ (zs, ze). The other cases can be solved in a
similar fashion.

Let x∗d be the optimal queue length for type d worker. Since the unemployed
worker chooses the type d contract, c = d and κ(c, t) = εz, then xd solves

(r + d + ψ′(x∗d))pc

= γ(x∗d)(r + d)[(Ẽd(z, x, U) + p(c)/ψ(x∗d)− εz]

= γ(x∗d)(r + d)
[
θqc − pc + δcU

∗(d, z)
Rc

− εz

]

From Lemma 1, we have U∗(t) = ∆(x∗(t))p(c)+I(e)ρU∗(d,z)
r+d+I(e)ρ , define, thus

(r + d + ψ′(x∗d))pc

= γ(x∗d)(r + d)
[
θqc − pc

Rc
+

δc

Rc

∆(x∗d)pc

r + d
− εz

]

Since ∆(x) = ψ′(x)/γ(x), we have

pc(Rc + ψ′(x∗d)) = γ(x∗d)(θq
c − pc)

On the other hand, the optimal queue length for type g worker, x∗g, satisfies

(r + d + ψ′(x∗g) + ρ)pc

= γ(x∗g)[(r + d + ρ)(Ẽgu(z, x, U) + p(c)/ψ(x∗g)− εz)− ρU∗(d, z)]

= γ(x∗g)
[
(r + d + ρ)

(
q̃ − pc

Rc
+

δc(RcU
∗(g, z) + ρU∗(d, z))
Rc(Rc + ρ)

− εz

)
− ρU∗(d, z)

]

= γ(x∗g)
[
(r + d + ρ)

(
q̃ − pc

Rc
− εz

)
+

δcRc∆(x∗g)pc − ρ(r + d)(r + d + ρ)U∗(d, z)
Rc(Rc + ρ)

]

By rearranging terms, we have

Rc(Rc + ρ + ψ′(x∗g))pc = γ(x∗g) [(Rc + ρ)(q̃ − pc −Rcεz)− ρ∆(x∗d)pc]

Similarly, the optimal queue length for type n worker, x∗n, satisfies

(r + d + ψ′(x∗n))pc

= γ(x∗n)(r + d)[Ẽgu(z, x, U) + p(c)/ψ(x∗n)− z]

= γ(x∗n)(r + d)
[
q̃ − pc

Rc
+

δc(RcU
∗(g, z) + ρU∗(d, z))
Rc(Rc + ρ)

− z

]

= γ(x∗n)(r + d)
[(

q̃ − pc

Rc
− z

)
+ δc

(r + d)Rc∆(x∗g)pc + ρ(r + d + ρ + Rc)∆(x∗d)pc

Rc(Rc + ρ)(r + d + ρ)(r + d)

]
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Thus, we have

(r + d + ψ′(x∗n))pc

= γ(x∗n)
[
(r + d)

(
q̃ − pc

Rc
− z

)
+ δc

(r + d)Rc∆(x∗g)pc + ρ(r + d + ρ + Rc)∆(x∗d)pc

Rc(Rc + ρ)(r + d + ρ)

]

(The end of the Appendix)
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industry type
Worker type g-sector d -sector
not trained (n,g) not active
trained in the same industry (g,g) (d,d) if z ≥ zu

trained elsewhere (d,g) if z ≤ zu not active

Table 1: Table of sub-markets

parameter value discription

r 0.005 interest rate (annual 2%)
d 0.0063 exiting rate (annual 2.5%)
µz 9.0 mean of training cost
σz 12.1 standard deviation of training cost
ε 0.15 across firm mobility
m 0.42 across industry mobility cost
ρ 0.006 the frequency of productivity shock (annual 2.4%)
θ 0.88 the scale of negative shock
δj 0.003 separation rate of type j job (annual 1.2%)
δs 0.037 separation rate of type s job (annual 14.8%)
qc 1.5 productivity of complicated task
qs 1.0 productivity of simple task
pj 0.42 rental cost of type j capital
ps 0.23 rental cost of type s capital
A 0.48 efficiency of matching function
η 0.3 parameter of matching function

Table 2: Benchmark Parameter Values
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benchmark θ shock ρ shock both shock

Unemployment rate (%) 3.1 3.6 3.6 4.5
Vacancy /Unemployment 1.00 1.01 1.00 1.02
Thresholds

zs 26.7 25.3 25.1 22.6
zu 24.6 18.2
ze 11.8 18.0 7.6 12.4

Job Finding Rate 0.48 0.48 0.48 0.48
part-time job 0.51 0.51 0.51 0.51
full-time job 0.47 0.47 0.46 0.46

Annual worker turnover rate (full-time %) 9.9 11.3 10.6 13.1
Annual worker turnover rate (part-time %) 39.4 39.4 44.2 44.2
Share of accessions with industry change (%) 60.0 64.9 69.1 77.7
Employment share (%)

at part-time job 8.4 10.6 10.8 15.7
at full-time job in d 17.5 7.1 35.1 19.3
at full-time job in g 74.1 82.3 54.2 65.0

Gross output 1.38 1.38 1.33 1.31
Aggregate training cost 0.085 0.091 0.079 0.084
Average value of untrained 74.1 73.6 71.5 70.4

Table 3: Steady States before and after Two Macro Shocks

θ shock

50% benchmark 75% benchmark

Unemployment rate 1.5 1.75
Employment share (%)

at part-time job 27 50
at full-time job in g 0.5 0.5

ρ shock

50% benchmark 75% benchmark

Unemployment rate 1 24
Employment share (%)

at part-time job 29 56
at full-time job in g 9 18

Table 4: Transition paths after macro shocks (unit: year)
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both shock capital firing cost training training
subsidy (untrained) (trained)

Unemployment rate 4.5 -0.2 -0.2 -0.2 +0.1
Vacancy /Unemployment 1.02 -0.01
Job Finding Rate 0.48
Thresholds

zs 22.6 +0.3 +0.9
zu

ze 12.4 -0.9 -1.5 +1.1
Annual worker turnover (full-time %) 13.1 -0.4 -0.7 -0.1 +0.6
Change of industry (%) 77.7 -0.5 -0.8 -0.1 +0.5
Employment share (%)

at part-time job 15.7 -0.8 -1.9
at full-time job in d 19.3 +2.6 +3.4 +1.1 -2.6
at full-time job in g 65.0 -1.8 -3.4 +0.8 +2.5

Gross output 1.31 +0.01 +0.01
Average value of untrained 70.4 -0.1 -0.3 +0.2

Table 5: Policy effects

Figures show net changes from the benchmark values in the first column

benchmark Case 1 Case 2

ε = .15 ε = 0 ε = .15
m = .42 m = .42 m = .21

Unemployment rate 1.4 1.5 1.6
Annual worker turnover (full-time %) 3.2 4.2 4.7
Change of location (%) 17.7 16.3 14.9
Employment share (%)

at part-time job 7.3 7.2 6.7
at full-time job in d 1.8 -1.0 -2.1
at full-time job in g -9.1 -6.2 -4.6

Gross output (% change) -4.9 -4.3 -3.9
Average value of untrained (% change) -5.0 -4.6 -4.2

Table 6: The impact of Macro shocks
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Figure 1: The Share of Temporary and Parttime Employment
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Figure 2: Beveridge Curve
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Figure 3: Job Accession and Separations: Full time employees
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Figure 4: Job Accession and Separations: Part time employees
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Figure 8: Worker Flows z < ze
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Figure 9: Simulated Dynamics of Unemployed and Vacancy: θ shock
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Figure 10: Simulated Dynamics of Employment Composition: θ shock
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Figure 11: Simulated Dynamics of Unemployed and Vacancy: ρ shock
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Figure 12: Simulated Dynamics of Employment Composition: ρ shock
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Figure 13: Welfare loss by combined macro shocks (%)

Dashed (real) lines indicate threshold values before (after) the macro shocks.
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Figure 14: Net Welfare gains: Capital subsidy (%)

In Figures 14 through 17, dashed (real) lines indicate threshold values without (with) respective
policy injections.
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Figure 15: Net Welfare gains: Firing cost (%)
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Figure 16: Net Welfare gains: Training subsidy for untrained (%)
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Figure 17: Net Welfare gains: Re-training subsidy for trained (%)

61


	Labor Immobility in Japan: Its causes and consequences
	A Appendix: Formal Description of Market Equilibrium
	A.1 Set up
	A.2 Market equilibrium
	A.3 The optimal policy for trained workers
	A.4 The optimal policy for untrained workers
	A.5 Ex Post Optimality and Incomplete Contract
	A.6 Steady State
	A.7 Proofs
	A.8 The Optimal Queue Lengths

	References




