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1. Introduction

Traditiondly, neo-classcd andyss of public spending has focused on ether public
consumption goods or transfer payments. Considerably less attention has been paid to public
expenditure on activities that are productivity enhancing. Such activitiesinclude “hard” items
in the form of public infrastructure such as highways, water and waste systems and harbours,
aswell as*soft” activities such as literacy, research and development, and marine wesather
forecasts. Provision of such commodities, which we refer to as public inputs, generaly
increases the productivity of industries. Certainly, there are examples of spectacularly
successful public inputs: literacy, agricultura research and the Panama Cand.

The purpose of this paper isto explore some of the theoretica issues that till surround
these commodities. Some of the importarnt issues are: how to classify and modd public
inputs, the question of returns to scae; the generation of and implications of economic rent;
and financing. To these ends, this paper is organized asfollows. Section 2 deals with the
classfication and modeding of public inputs. Section 3 consdersthe provison of each of the
two main dasses of public inputs and highlights how a common- property problem can arise.
That common-property attribute has important implications for the literature. Then Section 4
turns to the issue of economic rent and how its existence can impede firg-best provison. The
issue of financing is taken up in Section 5, and Section 6 concludes.

2. Classification

The most useful place to start is with a classfication system. In the modest literature
on the theory of public inputs, there have been a number of different specifications of public

inputs.
2.1 Firmaugmenting Public Inputs.

There are some ingtances in the literature where public inputs are specified as “firm-
augmenting”. The essentid ideaisthat a public input provides services to firms regardless of
their size, which is somewhat analogous to the relaionship between public consumption
goods and persons. However, afirm, unlike a person, can be divided into smdler firms, the
effect of which isto creste more benefit from the same leve of G, afeature which calsthis
specification into question from the Sart.

More formdly, and for smplicity, assume that each firmin an indudtry is of equd size
S0 We may write

XIN = F(K/N, L/N, G) 1)

where K and L aretotal capita and labour services employed in the industry. X isindustry
output and N is the number of firms (or, more precisely, the number of production units). G
denotes quantity of the public input. Under the firm-augmenting specification, it is assumed
that F is homogeneous of degree onein dl inputs. By implication, aggregate output may be
written as

X =FK(K, L, NG), 2

which suggests that by dividing firmsinto ever smaller Szes, total output can be increased
without bound.

This unboundness outcome can be avoided with additional assumptions; eg., a
minimum size for firms, or afixed number of firms asin Richter (1998), or afixed cost of



edtablishing each firm as in Matsumoto (2000). On the other hand, alack of redligtic
examples of thistype of commodity, and the idea that the input is public among firms, which
areinditutiona entities, have led McMillan (1979) and Henderson (1974), amongst others, to
conclude that this specification is of limited practicd interest. Hence, this paper will focus on
other types of public inputs:*

2.2 Pure Public Inputs

An gppeding specification of a public input is one of the “factor-augmenting” or
“amospheric’ or “pure’ type. Here the public input acts as an input thet is generdly
available to firms and industries and it not subject to congestion, ether by the number of
firms or the quantities of output or primary inputs. Two examples are information from
research and devel opment that improves productivity and basic literacy for workers. The
effect of such inputsis akin to a shift in industry production functions.

In generd, we may write the i-th industry’ s production function as.

Xi = Fi (Ki, Li, G) (3)

and take the industry production functions as linearly homogeneous in the primary factors
only and twice continuoudy differentiable in dl inputs. Thus, G is beneficid across
indudtries (although there may be industries for which G is not useful) and is not subject to
any form of congestion. A good example might be flood control; if dams are built to prevent
floods in a country then al industries within the geographic area at risk benefit in that their
output would be higher than had there been alower leve of flood contral.

The assumption of constant returns to scale for these types of public inputsis very
intuitive. G isakinto information or technology. If K and L are both doubled, then we would
expect output to double since G is readily available in undiminished quartity.

2.3 Congestible Public Inputs

While the factor-augmenting variety of public input appears to encompass some forms
of public input, it does not seem to capture al possibilities. Congder capita infrastructure
such as highways and bridges. These are congestible inputs. As output within an industry
increases one would expect that such facilities would be used more. Thus, we would expect
diminishing returnsto scde in primary factors. The possibility of replication suggests that
there would be congtant returns to scale in dl factors. For example, consider an agriculturd
economy, and let H denote land, L denote workers and G denote anationd irrigation system.
A doubling of only H and L cannot be expected to lead to double output. Output would be
less than doubled unless the irrigation system is Smilarly extended.

2.3.1 Unpad Factor in a One-good Economy

For a one-good economy, then, the industry production function could be written as:
X = F(K, L,G), 4

which is taken to be linearly homogeneous and twice continuoudy differentidble in dl inputs.

! However, once one adopts assumptions such as a fixed number of firms or fixed start-up costs for new firms,
then afirm-augmenting public input might be classified as a specid case of acongestible public input.



2.3.2 Unpaid- Factor in a Two-good Economy

In atwo-or-more-good economy, one must consder than in generd the amount of
utilization across industries will aso have an impact on the extent to which any one industry
can benfit from a fixed amount of G. If many indudtries use a highway or harbour then the
benefits to one industry will vary not only with than industry’ s use but dso with the amount
of utilization by other industries. To capture this cross-industry effect, we must make an
gppropriate modification of the one-good case discussed above.

More specificdly, consder atwo-good economy. The production functions of each
industry will be expressed as.

X1 =F1(K1,L1,G1) 5)
and
X2 = F(K2,L2,G3) (6)
where
G=G-uX; i=1L2andi® j;uy 2 0O, )

and where F; is again linearly homogeneous and twice continuoudy differentigble in dl three

inputs.

Inthis specification, u, a utilization coefficient, represents the degree to which output
in the other industry in the economy diminishes the availability of the public input to other
industries. We use asmple case where u is a condant, indicating a linear relaionship
between the availability of G to one industry and the extent of use by another industry. This
is done for smplicity and could be generdized.

Also, notice that if one of either of the two industries does not operate then thereis no
inter-industry congestion. Any intra-industry congestion is embodied in the industry’s
production function through the constant returns property. Having no such inter-industry
effectsis difficult to conceve of if intra-industry congestion is possible. However, Negishi
(1974) uses amodel based on this specification.? The Negishi modd implicitly tekesu = W, =
0. Thus, the public input is, in effect, congestible within an industry but not o across
indugtries. Thisisindeed an unusud type of public input but perhaps afew examples are
possible: indugtries may use G a different times of the year in which case one industry’s use
may not affect the others.®> Nevertheless, this case, which, as Feehan (1989) notes, has been
referred to as semi-public, is quite specia and unlikely to gpply to most industries or to most
public inputs.

Quite remarkably, there does not appear to be any treatment of inter-indudry affectsin
the public input\public infrastructure literature. One can find examples of unpaid public
inputsin the literature but in one-good models, so congestion is not considered. There are a
few ingtances of the Negishi specification. Otherwise, the public input is modeled as factor-
augmenting or as firm-augmenting.

2 Tawadaand Okamoto (1983) use the Negishi model to explore theimplications for international trade, and
Y ututake (1995) dso employs aversion of the Negishi modd.

3 Tawada (1982) explores whether such a“semi-public” input generates a non-convex production set and finds
that it does not. However, with inter-indusiry congestion in use, non-convexity of the production set must be
expected; seethe discussion of production externditiesin Bhagwati and Srinivasan (1983; pp.185-191).



2.3.3 Rationdefor Public Financing

An examination of either (5) or (6), consdering the assumption of constant returns to
scdein ether, explains the frequent use of the term “unpaid factor” to describe this type of
public input; applying Euler’ s theorem to it suggeststhat G is not andyticaly different from
the other factor inputs. As such, one might conclude that thisinput could be financed directly
by the private sector and be sold to users just like a private intermediate input. Perhaps the
main judtification for public finance lies in the need for mandatory subscription. Consider an
agriculturd example. Anirrigation syssem mugt pass through dl or most fams. Similarly, an
aerid spray program may be needed for farmsin an area but it may not be feasible to exclude
adjacent farms. Further, in the case of highways, it is often not practica, due to high codts, to
collect fees from users according to their utilization and to ensure that non-payers do not use
the fadility.

One could argue that for this sort of “public” inpu, that the beneficiaries would
negotiate some collective action and provide the input on ajoint basis. However, high
transactions codts, lack of enforcement powers, or avery large number of agents could make
that impracticd; i.e., the conditions for gpplication of the Coase theorem do not hold. Thus,
this type of public input is digtinct from an intermediate input that istruly private, eg., seeds.

2.4 Synopss

Basad on the preceding discusson, one can conclude that analysis of public inputs
should alow for, and be careful to distinguish between, two types of public inputs: factor-
augmenting public inputs, which might be better classfied as*“pure public inputs” and the
unpaid-factor type, which might be better described as “ congestible public inputs.” Table 1 on
the next page summarizes these results.

At the practicd levd, it ssemsthat pure public inputs encompass knowledge-related
inputs such as literacy, agricultura advice, marine weather forecasts, and basic R& D, which
benefits an industry or industries. On the other hand, congestible public inputs seem to
capture the basic features of other forms of public infrastructure, e.g., highways, docks,
harbours, water systems, and waste management systems for industries.

Ultimately whether a public input fits into one category of another is an empirica
question. If it is established that the returns to scale are congtant in al inputs then the public
input mugt fal into the congestible category. If the returnsto scalein the primary inputs are
congtant then the public input must be a pure public input. It seems reasonable to expect
some types of public infrastructure, e.g., highways and bridges, to fal into the former
category and others, e.g., weather satellites, agricultural research laboratories, and lighthouses,
to be of the latter form.



TABLE1

A Classfication System for Public Inputs

Type:

PURE (Factor-augmenting)

CONGESTIBLE (Unpaid Factor)

Characterigtics,

1. Returnsto scae

Private-goods production
functions exhibit congtant
returnsto scaein primary
inputs.

ThereareIRSin dl inputs.

Private-goods production
functions exhibit decreasing
returns to scale in primary inputs.

Congant in dl inputs.

2. Amount of G Gi = G dueto nor+ G <Gduetointra and inter-
avalabletoan congedtibility industry congestion, except in the
industry i gpecid case of asemi-public input

3. Impact on Affects at least one indusiry
indudtries Affects a least one industry

Examples Literacy Highways
Geologicd surveys Ports
Weather forecasts Locks and candls
Lighthouses Bridges
Flood control? Flood control ?




3. First-best Provision

An important policy issue is whether the provison of apublic input is efficient. If too
much or too little G is provided then the economy is worse off than otherwise.

3.1 Derivation of Efficency Conditions

To derive the conditions for firs-best provision of a public input, we follow the
traditiona analyss analogous to Samuelson’ s trestment of public consumption goods and
Kaizuka s (1965) consideration of a generic public input.*

Consder asmple economy with a representative individua who obtains utility from
consumption of two private goods. Thus, the utility function is:

U = U(X1, X2), (8
which is assumed to be quas concave, twice continuoudy differentiable and to exhibit
diminishing margind Utility.

Next, assume that there are two factors of production, labour and capitd, in fixed
supply. So, the dlocation of factorsis given by:

Li+Lo+Lg=L 9)
and
K1+ Ko+ Kg=K. (10)
Production of the two private goodsis given by:
X1 = F]_(L]_' Ky G- U1X2) (11)
and
Xz = Fg(Lzy sz G- U2X1). (12)

Note that this formulation encompasses the case of the pure public input; smply takethe u's
as zeros and congider F; and F, aslinearly homogeneous in capitd and labour.

Next, assume that the public input itself it produced with labour and capital according
to a CRS production function:

G= F(g(LG’ K(_;). (13)
Then the Lagrangean for a Samuelson-type planner is.

Z=U(Xg, X2) + b[F1(L1, K1, G—wX5) - X1] + bo[Fa(L2, K2, G —WX1) — X2]
+ b3[FG(LG, KG) —G] + b4[K1 + Ky + Kg— K] + b5[L1 + Lo+ Lg— L]. (14)

where the b’ s denote the respective Lagrangean multipliers.
The first order conditionsfor X1, Xo, K1, Ko, L1, Lo, G, Kg, and L are given below:
U - by - botbFos =0 (15)
Uz - by —biFig =0 (16)

4 Genericin the sensethat the distinction between the two fundamentally different types of public input was
not mede.



blFlK + b4 =0 (17)

boFok +bs =0 (18)
biFy +bs =0 (19)
boFoy +bs =0 (20)
biFic +boFog-bs =0 (21)
b3FG|_ + b5 =0 (22)
bsFck +bs =0. (23)

Using equations (17) with (19), (18) with (20), and (22) with (23), we obtain
Fi/Fik = Fau/Fak = FeL/Fex (24A)

e,
MRTSk ! = MRTSk.? = MRTSk © (24B)

where MRTSk ' isthe margind rate of technica subgtitution between capital and labour in the
production of good i, i = 1,2 and G. Condition (24) isthe familiar production efficiency
requirement.

Next, using (19), (20) and (22) to substitute for by, b, and bs, respectively, in (21)
gives

Fig/FiL + Foc/FoL = UFaL (25A)
and smilarly use of (17), (18) and (23) in (21) gives
F1G/F1K + FZdFZK = :I-/FGK- (255)

Results (25) provide the condition for efficient provision of G, and correspond to the
conditions identified in Kaizuka (1965).

Findly, usng (15) and (16), and subtituting for by and b, using (17) and (18) one can
obtain:

Uo/Up = [1 + Fas(Fik/Fak)/[(Fik/Fak) + wFig) (26)

which is the product-mix efficiency condition. Of course, in the case of a pure public input,

or when a congedtible public input is semi-public, i.e,, iy = U, =0, then the right- hand-sde of
(26) amplifiesto the margind rate of transformation. However, in generd, for ocongestible
public inputs, the more complex expression applies® Remarkably, this result for a
congestible public input does not seem to be contained anywhere in the public-inputs
literature,

3.2 Thelmplied Role of the Public Sector

Having obtained these efficiency conditions we can now consider the implied role for
government in amarket economy. Interesting, that role will vary consderably depending on
whether the public input is pure or congestible, as these terms have been defined herein.

> If, by chance, Uy, = (Fac/Fie)[(Fik/F2x)? then equality of the MRS and MRT are again caled for; this occurs
when the margind cross-industry congestion externdities are exactly offsetting.



3.2.1 Pure Public Input

As noted when the public input is amospheric, condition (26) smplifiesto the
standard requirement that the consumer’s margind rate of subgtitution (MRS) between the
two private goods equa the corresponding margind rate of trandformation (MRT). Ina
competitive market economy with utility-maximizing behaviour on the part of households and
profit-maximizing behaviour on the part of firms, this condition would be satisfied for any
given quantity of G.

Also, recdl that with a pure public input, the production functions of firms are
characterized by congstant returnsto scae in the primary inputs; here, labour and capital.
Firms maximize profit by hiring factors up to where the value of the factors respective
margina products equd their factor prices, (and by Euler’ stheorem thereis no residud for
excess profit) so in the case of a pure public input, condition (24B) would be satisfied.

In effect, if the authorities have access to non-digtortionary taxation then the only role
for the public sector isto provide the public input. All other conditions would be redized as a
result of competitive genera equilibrium. Moreover, snce factors hired by firms that produce
G would hire labour and capitd up to where the values of their respective marginal product
equals the factor cogt, (25) smply becomes

PiFic + PoFag = Ps (27)

where P, represent the respective market prices (equal to margind costs) of the two private
goods and the public good. Thisisthe only condition that needs to be redized by
policymakers.

A cavest hererelatesto returnsto scalein this economy. Since the production
function for any commodity thet is affected by G exhibitsincreasing returnsto scdein dl
inputs, with congtant returnsin the set of primary factors, the production possibilities frontier
may be convex to the origin at least over somerange. This can give riseto multiple
equilibriums, so policy-makers must ensure that G not only satisfies (27) but that no other
level of G ds0 satidfiesit at ahigher level of utility for the representative househol d.

3.2.2 A Congedtible Public Input

In the case of a congedtible public input, meeting the efficiency conditionsis more
demanding. Firgt, consider condition (26), the product-mix efficiency condition when more
than one industry benefits from the public input. Producers do not consider the fact that their
output decisons have an adverse effect on the other industry. In effect, thereisa cross-
industry output externdity. Condition (26) indicates that an appropriate wedge between the
MRS and the private MRT is needed in order to achieve product mix efficiency. In other
words, some form of corrective policy is needed to redlize the required equdity; a production
tax cum subsidy is one such corrective policy.®

Is such atax cum subsidy policy combined with choosing the gppropriate level of G
and relying on alump-sum taxation sufficient to achieve the optimum? The answer to this
question depends crucidly on whether the primary factors are alocated across industries
according to equdity of margina rates of technical subdtitution, asin condition (24), i.e., on
whether each factor’ s unit reward coincides with the vaue of its margina product. However,
apublic input generates an economic rent. Canthat rent lead to behaviour that causes a
misdlocation of factors? That is the subject matter of the next section.

® The obvious exceptionstto this are: (i) when we have asingle-good economy or (ii) when the values
of thetermsin the right-hand-side expression of (26) are such that, by chance, the expression equasthe MRT.



4. Economic Rent

The existence of economic rent due to a public input isimportant for two reasons.
Firg, if there is economic rent then it provides a source from which the authorities can raise
revenue in anon-distortionary manner. Thisisimportant if other norditorting revenue
instruments are not avallable (e.g., if factors are in variable supply). Secondly, the rent may
possibly induce rent-seeking behaviour, leading to the dissipation of the rent and therefore
causing economic inefficiency. If so, then corrective measures are needed in order to offset
rent disspation.

4.1 A Pure Public Input and Economic Rent

With apure public input, private-goods production functionsin which G entersas an
argument are linearly homogeneousin the primary factors. Indudtry profit is given by:

Oi =PFR(Li Ki, G) —wL; - IK; (28)

were G is parametric, being provided by the public sector and not variable to the firms.
Factor prices are denoted asw and r. In competitive market conditions, labour and capitd are
hired according to:

PFL=w (29)
and
PFk=r. (30)

Since, the production function contained in (28) is linearly homogeneous in capital and labour,
by Euler’ stheorem

FiLL1 + FikK1 = PiFi(L1, K1 G) (31A)

FoLLz + FoKo = PoFo(Lz, Ko, G) (31B)
and

FeLLe + FexKe = PaFe(Le Ko). (31C)

S0, noting (29) and (30), we see from (31) that factor payments exactly exhaust revenues
leaving no excess profit for firmsin competitive equilibrium. Effectively, the gains from the
public input to the private-goods producing indugtries are Smilar to the gains from a shift in
the production function due to technologica improvement. These gains accrue to the factors
of production astheir margind productsrise, a any given factor proportion.

That absence of excess profit means that indudtries hire factors so that the MRTS
between the primary factors coincide with the respective factor-price ratio. Hence, in the case
of apure public input, and as aluded to previoudy, condition (24) ismet. It aso meansthat
that a profitstax on firmswould yield no revenue so other means of finance must be
considered.

In summary, for the case of a pure public input, it is confirmed thet if alump-sum tax,
or itsequivaent, is available then the only role for the public sector in a competitive economy
isto finance G in accordance with (27). The other required efficiency conditions, including

10



the market-clearing conditions, will be achieved by market forces. The case of distortionary
taxation will be conddered in section 5.

4.2 A Congedtible Public Input and Economic Rent

Since the production functions of industries that utilize a congestible public input are
characterized by congant returnsto scdein dl inputs, Euler’ s equation indicates that rent will
be generated. The crucid question a hand iswhether, in equilibrium, thisrent remains intact
with the owners of firms, or be disspated by rent-seeking behaviour, or accrue to the factors
of production. The literature contains different opinions on this matter.

4.2.1 The Literature

In some recent contributions in which public inputs are congestible, i.e., where there
are decreasing returns to scale in the primary factors, it is assumed that rent from the public
input is an equilibrium phenomenon.” The rent, which is messured by the value of the public
input’smargina product multiplied by its quantity, is assumed to accrue to the industry as
excess profit. 1f so, then this rent would serve as an ideal source of public revenue, while at
the same time not leading to any inefficiency.

The essentid logic for the presumption of equilibrium excess profit can beillustrated
inaone-good modd. Thisavoidsthe complications of inter-industry effects. By Euler’'s
theorem

FK.L,G) = R.(K,L,G)L +F(K, L, GK + FgK, L, G)G (32)

The private-good producing industry takes G as parametric, and maximizes industry profit.
Normadlizing the price of the private good to unity, the profit is given by:

O =FKLG) -wL-rK. (33)
Thefirg-order conditions for maximization of that profit are:

FLK,L,G)=w (34)
and
Fc(K,L,G)=r. (35)

Subtituting the first-order conditions back into the profit function, noting the Euler equation,
gvesQ =Fg(K, L, G)G, whichis postive.

This notion that positive excess profit can perast in a competitive equilibriumis
somewhat unsettling sSince one might expect the existence of profit to act as an incentive for
economic agents to employ resources in order to obtain some of therent. Itisasoin
contraction to other contributionsto the literature. Consider Henderson (1974, p.324). With
an industry production function that is CRSin dl factors and for agiven leve of apublic
input, which he denotes as “R”, he concludes:

“...firmsin the X indugtry will initidly earn profits or rents according
to the value of the margind product of R. Following the usud andysis
(Meade, 1955; Worcester, 1969), we assume that this rent accrues to

" Examplesare Keen and Marchand (1997) and Dahlby and Wilson (2003).

1



some ownership factor such as capital or entrepreneurship. Aswith a
private unpriced input, these profits will attract other firmsinto the X
indugtry, leading at the limit to disspation of the profits.”

In addition, Gramlich (1994, pp.1185-1186) suggests that for the case in which the industry
production function exhibits congtant returnsto scdein dl inputs, i.e., thereis decreasing
returns to scae for capital and labour, then [abour and capita are paid more than their
respective margina products, i.e., the rent accrues to factors not firms. Further, in atwo-good
mode with CRSin al inputsinduding a semi-public input (but abstracting from inter-
industry congestion), Negishi (1974) enforces a zero-excess-profit condition by having the
rent dissipated through the excessve employment of capitd. Theimplication of Negishi’s
andysgisisthat resource misdlocation must occur Snce the rent per unit of capitd will not in
generd be equa acrossindudtries at the optimal level of the public input.

Clearly then the literature contains strongly contradictory positions.

4.2.2 Resolution: Economic Rent does not Arise

If there are congtant returnsto scalein al inputs, and therefore decreasing returns to
scaein the private inputs, then the provison of G without charge by government is
andyticaly equivaent to a commonproperty Stuation. With an unrationed common
property resource, it iswell established that firmswill not utilize the private inputsin
quantities that accord with the equdity of the vaues of their margina productsto their
respective factor prices.

Congder the smple case of an economy with one primary factor and a public input
which benefits the X3-indugtry. The industry production function is given by

Xl = Fl(L]_, G) (36)
and theindustry’ s profit is
P X1 —wLj. (37)

With congtant returns to scale in both inputs, but with G being provided free-of-charge by
government, firms' profit-maximizing behaviour leads to the classc inefficiency result known
as the Tragedy of the Commons, asin Varian (2003, p.618). Firms hire the privateinput until
al therent isdissipated. L; is hired up to where the vaue of the average product of labour in
the X1 industry equds the wage:

P1(APL1) =w (38)

where APL; = X1/L1 isthe average product of labour. And, with decreasing returnsto scaein
L1, the average product of labour exceeds its margina product, APL; > Fy,, S0 the amount of
L1 isexcessve. Infact, in this one-primary-factor case, the gap between the average and
margina product of labour, is the average rent per unit of L, so labour is hired up to where:

PIAPL; = F 1+ Ri/Li=w (39)
where R; = P;1F1cG isthe rent generated by the amount of G provided by government, and

open to disspation by excessve employment of labour in thisindustry. [(39) iseasy to
confirm with a Cobb-Douglas numerica example]



The flaw in the presumption that excess profits persst in equilibrium when there is
decreasing returns to scde in the primary inputsis due to afallure to look below the industry
leve at the behaviour of firms. The only ways that profit could be generated as an equilibrium
phenomenon in these circumstances are:

*  the government not only provides G but alocates G to afixed number of chosen firms,
possibly just one, in specific amounts, (this would be akin to issuing individua quotas
to use a community pasture); or

*  he conditions of the Coase theorem hold (i.e,, existing firms would agree to share the
common property resource in amanner that maximized indudtry profit), which is
extremdy unlikely snce the product market is competitive, entalling free entry.

There are immediate implications here for the literature that presumes equilibrium
excess profits, eg., Keen and Marchand (1997) and Dahlby and Wilson (2003). First, thereis
no excess profit so components of their anayses that rest on positive revenues from profit
taxation cannot likely be fully sustained without qudification. Secondly, it is necessary to
recognize and incorporate both the misallocation of factors that occurs as a result of not
charging levies for use of public inputs or having some other rationing mechaniam.

Otherwise, results based on equilibrium profits can be salvaged by adopting the assumption
that the public input is rationed by government among firms or that the Coase theorem holds.
However, snce nether is very likdy in practice, the results from andyses based on
redlization of profit must be consdered as specia or limiting cases.

4.2.3 Implications for the Firg-Best Outcome

Theimplications for achieving the firs-best conditions are so far reaching. None of
the three conditions, (24), (25) and (26), can be expected to hold when the public input is
congestible. Whether (24) or (26) holds has already been discussed, so attention here can be
devoted to (25). Recdl that it isthe requirement of equdity of the margind rates of technica
subdtitution between primary factors across dl indudtries, including the public-input
producing industry. In the two-good two-factor mode, this condition is MRTSk, * =
MRTS«.% = MRTSk. . (In the one-primary-factor model, the corresponding condition is
equdity of the values of the margind products of that primary factor acrossindudtries) Even
if the fird-best quantity of G is provided, we cannot expect factorsto be alocated in amanner
that satifiesthis efficiency requirement. The common-property attribute of G leads to factors
being drawn to industries until al rents are dissipated.

How do we modd this rent- disspating phenomenon in amodd with more than one
find good? In the two-factor two-good context, with CRSin al inputs and with G provided
in anon-rationed manner then one would expect that firmsin each industry would hire [abour
and cgpita until:

PiFiL + SiIRi/L1 = w = PR + SR/ (40A)
and
PiFik + (1—81)R1/K1 =r=PoF + (1-SQ)R2/K2 (408)

where S, for 1 =1 and 2, isafraction, and represents the share of the average rent per worker
inindudry i that firms obtain from hiring an additiond worker; (1-S;) has an andogous
interpretation for capitd. Also, R = PFicG istherent inindudtry i arigng from the supply of

G that has been provided by the public sector. From inspection of these conditions, it follows
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that equality of margind rates of technical substitution between labour and capital across
industries cannot be expected. Hence, the rent-seeking behaviour arising from the free-access
to G means that the economy is operating indgde its production possibilities frontier.

Clearly, in the case of one factor (L), condition (40) smplifiesto the previous and
well established result givenin (39) sncethen S; = 1. In the more general case of two (or
more) factors, the vaue of § isnot so readily determined. Negishi (1974), using a mode
with a semi- public input, assumes that the rent is captured through the use of more capita
only,i.e, § =0and (1-S) = 1. However, thisseems difficult to rationaize as agenerd
proposition.® It requires some form of Leontif-type fixed-proportions technology. We adopt
the more generd neo-classicad assumptions regarding production functions, eg., strict-
quasiconcavity in dl arguments, positive continuous firg-order partid derivativeswith
respect to all factors, and positive cross-partid derivatives. In these circumstances, what
might determine the vaues of §?

To answer that question, suppose that the economy isin a competitive equilibrium
Stuation, so dl the rent from the current level of G has been disspated. Now assumetha G
isincreased by one unit, which digtributes this equilibrium. Firmsin an industry have an
incentive to hire more factors to capture the rent. At the current wage-rentd retio, an
individud firm will hire cgpital and labour at the current capita-1abour ratio (assuming that
the production function is characterized by CES-congant eadticity of subgtitution, of which
the Cobb-Douglas formulation is aspecia case).® Hence, the shares of the rent accruing to
capitd and labour will be determined solely by the capitd-labour ratio. Therefore, we have:

S = S(Ki/L) and S = OS/O(Ki/Lj) >0;i=1,2...Nfirms, (41)

for CES production functions.
For the limiting case of Cobb-Douglas, note that the right-hand-side of (41) isa

congtant. For instance, suppose x = K°| “G* whereg+d +q =1. Then g,d , and q would
give the shares of revenue accruing to the respective factorsif they are priced. Now, suppose
that the price of G iszero and G is effectively unrationed common property. At given wage

and rentd one would not expect firmsto ater their capita-labour ratios. Therefore the share
of revenue going to labour would now be g/(g + d) and to capitd bed /(g +d).

4.3 Summary

It is reasonable to believe that some public goods are pure and some are not. In the
former case, it isreadily established that the public sector, if it has access to non-digtortionary
taxes, need only purchase and make the first-best level available.

However, the preceding analys's demongtrates that for the latter form of public input,
not only must government finance the gppropriae levd of G, i.e., meet (27) and impose a tax
cum subsidy scheme on private output to handle cross-industry congestion, but must dso
ether ration the use of G amongst firms or charge firms for the use of G in accordance with
itsmargind vadue a itsfird-best level. Thislast condition (charging for G) may be difficult
to implement in many cases, eg., a multi-access highway or city streets, snce excluson may
be ether impossible or highly costly. Without such rationing, rent-seeking factor alocation
occurs, and the economy fails to achieve the firg-best equilibrium even if lump-sum taxation

8 Yukutake (1995), a0 using amodel with a.semi-public input, appearsto be aware of this problem and
assumes complete complementarity between the semi -public input and one of the two primary inputs.

® The analysismay hold for other specifications of the production function but there remains to be explored.
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ispossible. Other rationing mechanisms, such as factor taxes or output taxes, are needed to
hdt the inefficiency arigng from rent disspation.

5. Financing Public Inputs

In this section, we congder the financing of both types of public goods in Stuaions
where the authorities do not have access to lump-sum taxation, and where labour and capital
are no longer assumed in fixed supply, so factor taxation ceases to be equivdent to lump-sum
taxation. Additiondly, profit taxation isruled out Snce it raises no revenue: (i) in the case of
acongedtible public input, in the asence of quotas on use, economic profit iszero in
equilibrium, and (i) in the case of pure public inputs, there are CRS in the primary inputs so
factor payments exhaust revenue, leaving zero economic profit in equilibrium.

To facilitate the analyses, the section uses a one-good economy. This avoids the
complications of cross-industry effects for a congestible public input, and, in the cases of both
types of public inputs, facilitates the exposition in amoded with varigble factor supplies.

5.1 Congedtible Public Inputs

Condder firg the case of where the public input enters production functions that are CRS
indl inputs. Asdiscussed earlier, without appropriate charges for thisinput, it takes on the
characteristics of a common property resource. To explore the implications for public
financing, this section incorporates that common:property festure into a standard model, one
smilar to that employed by Keen and Marchand (1997).

511 TheModd

Congder aone-good, two-factor, public-input economy in which thereisa
representative household. We assume a one-good economy for the convenience of abstracting
from the inter-industry congestion effects that would otherwise occur.

The representative household consumes the private good subject to the following
budget congtraint:

C=(W-HE+r K’ (42)

where C denotes consumption of the private good, t is an employment tax, E is labour supply,
K" isthe quantity of domestically owned capital which is assumed fixed but internationally
mobile, and r isthe after-tax return on capital that can be realized on world markets. Thus, r
=r +t isthe grossreturn on capital in this economy, where t isthe domestic tax on capital.
Note that the price of the private good has been normalized to unity.
The household maximizes utility over afunction U(C, E) so, in light of (42), C = C(w-
t, r K')and E=E(w-t, r K"). Thus, theindirect utility function is given by

V =V(Ww-t, r K. (43)
The ingruments available to finance the public input are the capita tax and the employment

tax. Assume that the cost of the public input, relative to the private good, is constant, and
equa to g. Then the public sector budget condraint is:

tE+t K=qG (44)
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where K isthe entire amount of capital within the economy, whether domestically owned or
not. The supply of capitd is perfectly dadtic a the world net return.

Industry output of the private good, is given by F(L,K,G) where, reflecting Euler’s
theorem:

FL.K,G) =F.(K,L,GL +F(K,L,G)K + Fg(K,L,G)G. (45)

For future reference, note the partial derivatives of F(L,K,G) withrespectto L, K, and G, can
therefore be expressed, respectively, as

FL=FL+FcK+Fa G+ FL (46A)
Fk = FLkL + FkkK + FekG + Fx (46B)
and
Fe=FLal + FkeK + FesG + Fo (46C)
SO
Fo L+F K+Fg G = F kL+Fek K+Fek G = FL gL+ cK+FacG = 0. (47)

Next, turn to the hiring decisons of firms. As discussed earlier, if the authorities do
not charge for G according to its margind vaue then rents are open to disspation and there
will be excessve use of the primary factors and inefficient factor proportions. In this one-
good case, conditions given in (40) become:

FL+SRIL=w (48)
and
F+(1-SRK =r=r +t (49)

where R = FeG isthe rent generated by the publicinput.!® 1t follows from these hiring
conditions that the demand for labour and capita are functions of w, r and G; so K = K(w,r,G)
and L(w,I,G). Gisapolicy variable, and r is determined by the world market and the
domedtic tax on capital. Therefore, a wage-determination mechanismisdl that is necessary

to complete the modd. Itisgivenas

E(w-t, r K) =L(w,r,G). (50)
5.1.2 Factor Demands.

Asaprdiminary to the policy andyss, it is necessary to daborate on the nature of
factor demands, K(w,r,G) and L(w,I,G). More specificaly, the partial derivatives of each are
needed, namely, Ly, L, Lg, Kw, K;, and K. To obtain these, the hiring conditions, (48) and
(49), must be totdly differentiated with respect tow, r and G. That derivation is completed in
the Appendix A, which shows thet, using the following notation:

10" | the authorities charged p for each unit of G then the rent available for dissipation would be R = (Fg-p)G. If
pisset equd to the margind product of G, rent dissipation would not arise. The hiring conditionswould be the
standard margind ones, and the firgt-best outcome could be achieved by financing G to the level a whichp =q.
If G were rationed according to a quota system then rents would accrue to firms but that would engble the
authorities to apply a profitstax that actually yielded positive revenues, in which case afirst-best outcome could
again beredized.
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A= -(1-S)F|_|_L/K + Sk =S FcG/IK >0;
B= (1-S)F|_K - SFkkK/IL-S FcG/K >0
J=FxK + (1-S)FegG -SFke.
and
D = (FGILK)[SB + (1-9)A + S(1-S)FcG/LK] >0,

the partid derivatives can be expressed as.

Lw = [(-L/K)B — (1-S)FcG/K?]/D < 0 (51)
L =-B/D<0 (52)
Kw=-A/D<0 (53)
K = [(-K/L)A - SFcG/L?]/D <0 (54)
Le = (FYLK?)[BLK — (1-9GJ/D (55)
e K= (F&KL?)[ALK +SGJ+ SFcG]/D. (56)

Two observationsarein order. Firg, Ly, Ly, Ky and K, are dl negative. Given the
problem of the commons this makes sense. Thereis excessve factor dlocation; an increase
in afactor price tends to reduce the rents available for disspation.

Secondly, note that if J=-[(F_ + SFcG/L)/G is podtive (negative) then Kg (Lg) is
unambiguoudy positive (positive) but the sign of Lg (Kg) isambiguous. Any increasein G,
creates, initidly, more rent and thiswill attract more factors to the industry, so at least one
factor increases.

5.1.3 Policy Andyss

The policy problem faced by the authorities may now be represented by the following
Lagrangean:

G =V(Ww-t, r K )+a[tL(w,r,G)+ T K(w,r,G)-qG] + b[L(w,,G)- Ew-t, r K)] (57)
where a isthe multiplier on the budget congraint and b is the one on the [abour-market

clearing condition.
The firg-order conditions corresponding to G, t, T and w are, respectively:

(at+ b)lg+a (t Kg—g) =0 (58)
“Vu+al+ bE,=0 (59)
(at+ b)L+a (LK, +K)=0 (60)

and
Vu+(at+ b)Ly +al Ky— bE,= 0. (61)
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Congder, fird, theimplications for the taxation of capital. To do this, subgtitute (59)
into (61) and then ratio the resulting expression to the expression in (60) to obtain:

(K +K)(LwLy) = (T K+ L), (62)

Using the results of the previous subsection, this expresson smplifies, as shown in Appendix
B, to yidd the following rule for the taxation of capitd:

t = (1-9FGIK. (63)

The next gep in this policy andyssis to establish the optima spending rule. To do so,
use (60) to obtain an expresson for (at + b) and subgtitute it into (58). Then usng the
expressonsfor L, Kg, Ly and K, and with some amplification, asin Appendix B, the result
is

FG =q, (64)

which isthe Kaizuka efficiency condition for a one-good economy.
Inlight of (64), (63) and the budget condraint, it immediately follows that the tax on
labour has the following form:

t = SFGGIL. (65)

These three key results — the |abour tax, the capital tax, and the spending condition -
indicate that the first-best optimum is achievable if factor taxes are available. The factor taxes
serve dud purposes, raising revenue to finance the public spending, and correcting the
digtortion that otherwise occurs as a result of making the public services available to industry
without charge. In short, adopting factor taxes in the correct proportionsis a perfect
substitute for charging directly for the use of the public input.**

Two remarks are now in order. Firgt, the conditions given by (63), (64) and (65) not
only are efficient but dso are congstent with the equiity criterion of the benefit principle.
Secondly, the taxation of capitd, despite complete mohility of capitd, isrequired. Thisisin
contrast to the conclusion of Keen and Marchand (1997) which suggests that taxing
interjurisdictionally mobile capitd to help finance this type of public input isinefficient.
However, a zero-capita-tax prescription fails to recognize the “commons’ problem: free
access to public services leads to excessive use of capital as well aslabour so a capita tax is
needed to sem an ineffidently high inflow of capita.

5.2 Pure Public Inputs

Pure public inputs are said to be factor-augmenting or, in the terminology of Meade
(1952), atmospheric. In these circumstances, there are constant returnsto scae in primary
inputs and therefore, as discussed in section 4.1, there is no rent accruing to firms.
Consequently, the problems of the commons or free-access do not arise. That makes the
andysis of financing far more sraightforward. Indeed, much progress has been made in the
literature regarding the financing of pure public inputs. Therefore, this section addresses thet
issue only briefly and largely by reporting some key results of that literature which alows
comparison with the results derived above.

M The factor taxes are of course benefit taxes; each factor being taxed according to the share of the rent
attributable toit.
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5.2.1 Factor Taxation

Under the assumption of variable factors, Feehan and Matsumoto (2002) demonstrates
that the appropriate policy for provision of apure public input isto follow the first- best
gpending rule, asin (64), and tax each factor according to the standard optimal-tax conditions
(i.e, theinverse dadticity rule). In the setting consdered earlier in which capitad was
completely mobile, the tax rate on capital would be zero and labour would bear the entire
financing burden. Also, unlike the congestible public-input case, adhering to these conditions
leads to a second-best outcome. Factor taxes are now distortionary; they do not serve a
Pigovian function snce there is congtant return to scale in the primary inputs, which means
that excessive use of factors cannot capture any rent.*?  Thus, even though the first-best rule
for spending remains gpplicable, that rule does not in generd lead to same levd of G asif
lump-sum taxation were available®

In short, factor taxation no longer supports the first-best outcome and the structure of
those taxes do not relate to relative shares of rent as is the case with a congestible public input.

5.2.2 Direct Charges

An efficient policy for financing a congestible public input isto charge for itsusein
accordance with its marginal product. If such pricing is not possible or is costly to implement,
then, as demongtrated above, factor taxes, asin (63) and (65), can be configured to have the
equivaent effect and support the efficient outcome.

In the case of a pure public input, the use of direct chargesis no longer desirable. A
direct fee does not serve as arationing device nor doesit gpply to rents; therefore it must
cause some digtortion. Indeed, Manning, Markusen and McMillan (1985) reached the rather
gartling and extreme conclusion regarding the extent of that distortion; they argue that a
practice of Lindahl pricing for a pure public input in a competitive economy implies a zero-
output generd equilibrium. The basic ement of the zero-output proposition isthat, by
Euler’s Theorem, paymentsto the primary factors exhaust revenue when there are constant
returnsto scalein those inputs. Therefore, imposing fees on firms causes losses.

Whether firms actudly redlize these losses asin Manning et d. (1985) or whether,
dternaively, the fees are absorbed by factors depends on whether the fees vary in accordance
with firms output or are fixed. If the fees do vary in such amanner then the hypothesis of
Manning et a. does not appear to be valid because the fee becomes equivaent to asales or
output tax.** On the other hand, if the fees are designed to share the costs of the public input
among dl firmsin some exogenous fashion then, as Manning et d. (1985) maintain, firms
cannot avoid losses except by ceasing to exist. While Manning et . (1985) stop at their zero-
output proposition, the ultimate outcome for the economy is likely to be a monopolization of
industry. Asfirms make losses they exit the indudtry, so eventudly only onefirmisleftin

12 Therent in this case is anal ogous to the gains arising from technologiical change rather than from free access
to athird factor of production.

13 |f factors arein perfectly inelastic supply then the analysisis more straightforward. Manning, Markusen and
McMillan (1985) derive the structure of auniform factor-income tax that supports the first-best outcome.
Feehan and Matsumoto (2000) obtain the factor tax ratesif policy is based on the benefit-taxation principle.

14 Feehan and Matsumoto (2002) deal with the use of sales and factor taxes to finance a pure public good.
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each industry.*® Then, through the use of monopoly power any fee for the public input can be
passed on to the consumer.

In summary, charging afee for an amospheric public input isinefficient in generd
and may even lead to the monopolization of industry. Thisisin sharp contrast to the case of
congestible public inputs where afee regime, or its equivaent, is needed in order to achieve
the efficient outcome.

6. Conclusion

Whether apublic input is pure or not islargely an empirical question but it does seem
reasonable, given our curent state of knowledge, to expect that some public inputs are of one
type and some are of the other. Therefore it isimportant that empirica investigation establish
an accurate mapping.

This paper has demonstrated that the scope to achieve an efficient outcome and the
appropriate tax regime are considerably different depending on which category a public input
belongs. In particular, public services and infrastructure that are supportive of industry in the
atmospheric sense, e.g., marine weather forecasts, and agricultural research laboratories,
should be financed by general revenues. Congestible services and infrastructure, on the other
hand, should be financed by pricing according to margina benefits to the indudtries, or
equivaently, by benefit taxation applied to the employment of primary factors across
indudtries. Indeed, in the absence of such financing, it would be difficult to assess whether
congested servicesto indugtries meansinefficiently low levels of such services.

15 For instance, supposethat acertain level of the public input costs $10,000 and that there are 200 firms. If each
firm must pay a $50 then its average cost curve becomes downward sloping. This gives rise to natural monopoly.
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APPENDIX A

Start with

FL+SRIL=w (A1)
and

Fk + (I-9R/K =r. (A2)
Totadly differentiate (A1) and (A2) withtow, r and G. Theresultsare:
[FLL+SFa /L+S FeG/L-SFeG/L?dL +HFLk+SFak GIL +ScFeG/L]dK

=dw — [FeL+SFecG/L + SFE/L]dG (A3)
[FKL+(1-S)FG|_G/K-S|_FGG/K]dL +[FKK+(1-S)FGKG/K-SKFGG/K-(].-S)FGG/KZ]dK

= dr — [Fex+(1-S)FecG/K +(1-S)FJK]dG (A4

Next, notethat 0SO0K = S =-S5 (L/K). Also, recdl from (47) that

FLlL+Fc K+Fg .G =0 (AD)

F kL+FkK+FeG =0 (A6)
and

FLeL+FkcK+FecG = 0. (A7)

Subdtitute for Sk in (A3) and (A4). Use (A5) to subdtitute for Fg G on both sides of
(A3) and use (A6) to subgtitute for Fex G on the left-hand-gde of (A4). Those substitutions
and some smplification alow (A3) and (A4) to be expressed as
[(-K/L)(A + SFe.G/LK]dL + [B]dK =dw —[JL]dG (A8)
[AldL + [(-L/K)(B+(1-S)FcG/LK]dK = dr — [JK +Fg/K]dG (A9)
where A = -(1-S)F_  L/K + SFx. —SLFcG/K >0
B =(1-SF.k - SFkkK/L-S.FcG/K >0
J= FaK + (1-S)FoaG -SFe.
Next, the determinant of the matrix formed by the left-hand-sdes of (A8) and (A9) is
D = (FeG/LK)[SB + (1-9A + S(1-S)FcG/LK] > 0. (A10)

The expressonsfor Ly, L, Lg, Kw, K, and Lg asgiven in the text follow accordingly from
Cramer’ srule gpplied to the two-equation system given by (A8) and (A9).
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APPENDIX B
The Optimal Capital Tax:
Following from (62), one can write;
[-K(LwLy) +L] +t [Kyw- Ki(LW/L)] =0 (BY)
Next, subgtituting for (Lw/L,) gives
[-(1-S)FGG/BK] + t [Kw- Ki(LwL)] =0 (B2)
or

[-(1-S)/K] + t (BIFcG)[Kw - Ki(Lw/L)] = 0. (B3)

However, it can be shown that B[K - K/ (Lw/L/)] = 1. Hence, the optimal tax on capitdl is
smply:

t = (1-S)FcG/K. (B4)
The Spending Condition

Using the firgt-order condition (60) to obtain an expression for (& + &) and
subdtituting it into (58) gives

(K+t K)Ls/Ly) -t Ks =-q. (B5)
Subdtituting for Lg /L, yidds
(K+t K){-1+[(1-9GIKL]/B}(FIK) - t Kg =-q, (B6)

where, asin the text, B=(1-S)F_k- SFkkK/L-S. FcG/K and J = FexK+(1-S)FasG -SFe.
Re-write (B6) as

Fe{-1+[(1-S)GIKL]/B} + t Fe(K/K){-1+[(1-S9GIKL]/B}- t K =-g. (B7)
Next, it can be shown that
t Fo(K/K)Y{-1+[(1-S)GIKL]/B}- t Kg =-t JBL. (B8)
Subgtituting (B8) into (B7) then gives
Fe{-1+[(1-9)GIKL]/B} -t IBL = -q. (B9)
Fndly, usang the expresson in (B4) for t in (B9) yidds the spending rule:

Fe=q. (B10)
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